Almost fixed points for subsets of Zn  by Halpern, Benjamin
JOURNAL OF COMBINATORIAL THEORY 11, 251-257 (1971) 
Almost Fixed Points for Subsets of Zn 
BENJAMIN HALPERN 
Department of Mathematics, Indiana University, Bloomington, Indiana 47401 
Communicated by Theodore S. Motzkin 
Received July 16, 1969 
An analog of the Brouwer fixed-point theorem is proved here. It concerns 
an arbitrary map from a subset of the lattice zn into itself, where z is the 
integers, and asserts the existence of an approximate fixed point with the error 
no greater than one-half of a natural measure of the approximate continuity of 
the map. 
I. INTRODUCTION 
The Brouwer fixed-point theorem asserts that for each continuous map 
f : B + B, where B is the unit ball in some Euclidean n-dimensional space 
R”, there is a fixed point X, i.e., f(x) = X. It is the purpose of this paper 
to give an analog of Brouwer’s theorem for arbitrary maps g : A + A 
with A a certain sort of subset of Z”, where Z is the integers. We do not 
obtain an exact fixed point but only an approximate fixed point with the 
approximation guaranteed to be as good as a certain measure of the 
“continuity” of the function g. 
Similar results have been obtained by Klee [5], Fort [2], Hopf [4], 
de Groot, de Vries, and van der Walt [3] and [8], and Pultra [6]. 
The conclusions of their theorems like ours below, say roughly that there 
exists an x such that f(x) is in some sense near x. The results of Kiee, 
Fort, Hopf, de Groot, de Vries, and van der Walt, differ from those pre- 
sented here in that they deal with connected topological spaces in contrast 
to the finite discrete spaces considered here. Pultra in [6], on the other 
hand, deals with simplicial self-maps of finite graphs and there is a little 
overlap with our results. Theorem 1 below in the case r = 1 can be derived 
from Pultra’s theorem by connecting with edges all pairs of vertices x, y 
such that 1) x - y 1) = 1 and then verifying Pultra’s contractibility 
hypothesis. 
Scarf considers continuous self-maps of n-dimensional simplices in [7] 
and observes in his introduction that Sperner’s lemma can be used to 
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demonstrate the existence of an approximate fixed point among the 
vertices of an appropriate subdivision of the simplex. Like our results, 
the approximation is guaranteed to be as good as a measure of the 
continuity of the function involved. Our methods can be applied easily 
to his situation with the result that the bounds on the error given in [7] 
can be reduced by a factor of n. 
It is interesting to note that Brouwer’s theorem can be proved from 
Theorem 1 by passing to the limit. 
II. NOTATION 
We will let H stand for the integers and IR for the reals. We consider Z 
to be a subset of R and H” to be a subset of R”. For x = (x1 ,..., x,) E R” 
we set II x II = max(l x1 I,..., I x, I). The distance from a point x E [w” to a 
non-empty set A C Iw” is denoted by d(x, A) = inf,,, /I x - y (I. For 
A C [w” and t E Iw set B,A = {x E [w” I d(x, A) < t>. 
III. RESULTS 
First we recall the definition of upper semicontinuity for set valued 
functions and a theorem of Kakutani. 
DEFINITION 1. If X and Y are topological spaces, T a function from X 
into 2y (the set of all subsets of Y), then T is said to be upper semicontinuous 
if for each point x,, of X and an arbitrary neighborhood V of T(x,,) in Y, 
there exists a neighborhood U of x,, in X such that for all x in U, T(x) C V. 
THEOREM (Kakutani). Zf K is a convex compact subset of R” and 
T : K -+ 2K is an upper semicontinuous function such that T(x) is a non- 
empty closed convex set for each x E K, then x E T(x) for some x E K. 
By a j-cell in l!P we will mean a subset of 53% of the form 
K = {(xl ,..., x,) E !W I ci < x < ci + Si for 1 < i < n> 
where the ci E H and for each i, & = 0, or 1 with & = 1 for exactly j 
distinct’s i’s. The interior of K, denoted by K”, is the set 
K” = {(x1 ,..., x,)~R~~c~=x~if6~=Oandc~<~~<c~+S,ifS~=1}. 
The vertices of K are the points (x1 ,..., x,) such that for each i, xi = ci , 
or ci + Si , that is, the set of vertices of K = K I-J P. 
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THEOREM 1. Given a rectangular subset R of H”, 
R = ((x1 ,..., xn) E Z!” ) ai < xi < bi) 
(ai < bi , a, , bi E Z) and a functionf : R -+ R. Set 
Then there exists an x E R such that 
r+l 
II X -f’(x)li < --y- . 
Conversely, this bound (r + 1)/2 is sharp in the seme that for each r > 1 
there exists a rectangular subset R C Zn and a jiinction.f : R + R such that 
r = ,,,yg, IV(x) -f(Y)11 
X,IER 
but for which there is no x E R such that 
II x -f(x)11 < + - 1. 
Proof Consider the set R C iw” and the set valued map F: a + 2” 
given by 
R = ((x, ,..., x,) E R” 1 ai < X< < bij 
and 
F(x) = hfh) n &fW n - n hf(x3 n R (*) 
where {x1 ,..., x,} is the set of vertices of the uniquej-cell containing x in 
its interior. By considering the projections on the coordinates and noting 
that we are employing the sup norm 1) . /I it is easily seen that F(x) is a non- 
empty closed rectangular set for each x E i?. It also follows immediately 
from (*) and the definition of upper semicontinuity that F(x) is upper 
semicontinuous. (In fact it follows immediately from the definition of 
F(x) that each x0 E i? has a neighborhood U in i? such that x E U implies 
F(x) C @,).I 
It now follows from Kakutani’s theorem that x E F(x) for some x E R. 
Consider the j-cell A with x E A0 and let (x1 ,..., x,} be its set of vertices. 
For some i, /I xi - x /j < $ and for this i we have xi E C and 
-yi E &F(x) C h&d(xi) = 4r+~),zf(xi), 
which is what we wished to prove. 
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To establish the converse assertion we merely exhibit the following 
example: 
R C 6”, R = {(x1 ,..., x,) E iP I 0 < x, < r and 0 < xi < 0 for i > l}. 
f:R+Risgivenby 
f(.L 0, o,..., O) i(0, (r 0 ,..., 0) if j < r/2, = 
0 ,..., 0) if j > r/2. 
We may extend Theorem 1 to retracts of rectangular sets. 
DEFINITION 2. We will say that a subset A of Zn is a retract of another 
subset B of H” provided A C B and there exists a function h : B + A 
such that II h(x) - h(y)11 < II x - y Ij for all X, y E B, and h(x) = x for 
all x E A. That is, h maps B onto A leaving the points of A fixed and does 
not increase distances. The map h will be called a retraction. 
THEOREM 2. Given a subset S of Z* which is a retract of a rectangular 
subset R of Z” and a function g: S + S. Let 
r = fp; II g(x) - dY)ll . 
X,YES 
Then there exists an x ES such that 
II x - dx)ll < q. 
Proof. Let h : R + S be a suitable retraction. 
Let f = g 0 h : R -+ R. Then from Definition 2 it follows that 
r’ = ,,x~;~l llJ’(4 -f(v)ll 
X.WR 
= ,,,~;r, II g(W)) - gMd)ll 
X,YER 
Theorem 1 applies to f and so we obtain a point x E R such that 
II x -f(x>ll < 9. 
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Set y = h(x). Then since f(x) ES, h(f(x)) = f(x) and consequently 
g(y) = g@(x)) = f(x) = h(f(x)). Now, since h does not increase 
distances, 
II Y - R(Y)II = II h(x) - ww)ll 
d II x - f(x)lI 
<r’+l \----- 2 
,r+l 
\- 2 
and thus y satisfies the conclusion of the theorem. 
The condition /I h(x) - h(y)11 < /I x - y II that a retraction h must 
satisfy is very severe. Indeed the set A is not a retract of R (see Figure 1) 
as can be seen by noting that the point p satisfies j/g - p II < 1 and 
11 r - p /j < 1 but no point of A satisfies these inequalities. 
‘4 . . 
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FIGURE 1 
The concept of a weak rectraction can be formulated in which we would 
require only h : B + A, h(x) = x for all x E A and II h(x) - h(y)11 < 
I /j x - y 11. With such a weak retract the conclusion of Theorem 2 would 
read 
!I x -fWll < y- 
for some x E S. The proof is essentially the same. 
Next we will extend Theorem 1 by another method to another class of 
sets. 
DEFINITION 3. If x = (x1 ,..., x,) and y = (y, ,..., yn) are elements 
of Iw” we will write x < y provided xi < yi for i = l,..., n. 
DEFINITION 4. We will say that a function f : A -+ R defined on a 
subset A of LW is monotone increasing (decreasing) provided x, y E A, 
x G Y impliesf(x) <f(v) (f(x) 2 f(v)>. 
We recall that two continuous maps f, g : X -•f Y from one topological 
space X into another Y are said to be homotopic if there exists a continuous 
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map H : X x I+ Y such that H(x, 0) = f(x) and H(x, 1) = g(x) for all 
x E I’. If the identity map i : X--f X is homotopic to a constant map 
c : X--f {p} C X, then X is called contract&Ie. A basic fact about con- 
tractible spaces is that they are homologically trivial no matter which 
homology theory one uses. The importance of these concepts to us here 
arises from the fact that we will need to use the following extension of 
Kakutani’s theorem: 
THEOREM (Eilenberg and Montgomery [l]). Let homology refer to 
tech homology theory IcYth rational coeflcients. If X is a homologically 
trivial compact polyhedron and F : X + 2X is an upper semicontinuous set 
valued map such that F(x) is non-empty, closed, and homologically trivial 
for all x E X, then x E F(x) for some x E X. 
THEOREM 3. Suppose F’I : 7T-l -+ Z is monotone decreasing, 
A’ = {(Xl )...) x,) E Z” I x, < @(Xl )...) x,-,)I, 
R’ = {(x1 ,..., x,)~Zn/ai<xi<bi}andS’=A’nR’#~.Ijf:SS’+S’ 
and r = maxllz-,llGl I/f(x) -f(y) I/ then II x - f(x)ll < r for some x ES’. 
Conversely, for each r >- 1 there exists such a set S’ andfunction f : s’ + S 
satisfying 11 x -- f(x)11 3 r for all x E s’ . 
Outline of Proof. If t E R then set L(t) = min{y E h j t < y}. Next set 
dx, ,..‘Y xnwl) = cp’(L(x,) ,..,, L(x,-,)) for all (x1 ,..., x,) E Rn-l, 
A = ((~1 ,... , x,> E Rn I x, < y(xl ,..., x,-J>, 
R = {(x1 ,..., x,) E !P / a, < xi < bi}, and S = A n R. 
Now define the function F : S + 2s by 
F(x) = S n B,f(xl) n ... n B,~(xY), 
where xl,..., x’J are the vertices of the j-cell K containing x in its interior. 
The rest of the proof consists of verifying that F is well defined, verifying 
the hypothesis of the Eilenberg-Montgomery theorem, and deriving the 
conclusion of the present theorem from the fact that x E F(x) for some 
x ES. To verify that S is a complact polyhedron one can show that 
K” n S # 4 implies KC S for any j-cell K. From this and S C R it follows 
that S is the finite union of j-cells (i not fixed) and hence is a compact 
polyhedron. One shows that S is homotopically trivial by verifying that S 
contractible via the contraction H(x, t) = ta + (1 - t)x, 0 < < 1, 
x ES, where a = (al ,..., a,). For each x E S, F(x) is of the same form as S 
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and is likewise contractible. The other verifications are rather straight- 
forward. 
We prove the second statement of the theorem by exhibiting the fol- 
lowing example: 
Set PI = 2 and define ~‘1 P ---f Z by 
vJ’(J-4 = 1; 
if x < 0, 
if x > 0. 
Set R’ = {(x, , x2) E if2 I 0 < xi < r for i = 1,2}, 
A’ = {(XI , x2) E P I x2 < &(x1)), 
S’ = A’ n R’. 
Define f : S’ + s’ by setting f(xI , 0) = (0, r) for x1 > 0 and f(0, XJ = 
(r, 0) forx, > 1. 
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